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Abstract. An improved version of quasiinvariance property of the quasihyperbolic met- 
ric under Mobius transformations of the unit ball in K", n > 2, is given, and a quasiinvari- 
ance property, sharp in a local sense, of the quasihyperbolic metric under quasiconformal 
mappings is proved. Finally, several inequalities between the quasihyperbolic metric and 
other commonly used metrics such as the hyperbolic metric of the unit ball and the 
chordal metric are established. 
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1. Introduction 



A fundamental principle of the theory of quasiconformal mappings in IR n , n > 2, states 
that when the maximal dilatation K — > 1 , K- quasiconformal mappings approach confor- 
mal maps. The deep stability theory of Yu. G. Reshetnyak [R] deals with this topic. On 
the other hand, there are some, but very few, results which give explicit sharp or explicit 
asymptotically sharp estimates when K — Y 1 . Before we proceed to formulate our main 
results, we make some introductory remarks on the stability theory and on the history of 
explicit quantitative bounds, respectively. 

The key result of the stability theory [R] is a very general form of the classical theorem 
of Liouville to the effect that for n > 3, a 1-quasiconformal map of a domain D C W l onto 
■ another domain D' C M. n is a restriction of a Mobius transformation to D . By definition a 

Mobius transformation is a member in the group generated by reflections in hyperplanes 
and inversions in spheres. This result also underlines the fact that for n > 3 the cases 
for K — 1 and K > 1 are drastically different. A second ingredient of stability theory 
for n > 3 deals with the case K > 1 and seeks to estimate, for a fixed i\"-quasiconformal 
map, its distance to the "nearest" Mobius transformation (for n = 2 the distance to the 
"nearest" conformal map should be measured). However, as far as we can see, the stability 
theory does not provide explicit asymptotically sharp inequalities when K — > 1 . 

The results of the present paper rely on two explicit and asymptotically sharp theorems. 
The first one is an explicit version of the Schwarz lemma for K- quasiconformal maps of the 
unit ball in W 1 and the second one an explicit estimate for the function of quasisymmetry 
of i\~-quasiconformal maps of M. n , n > 3 . For the history of the Schwarz lemma and for its 
preliminary form, which fails to give an explicit asymptotically sharp bound, we refer the 
reader to O. Martio, S. Rickman, and J. Vaisala [MRV]. The explicit form of the Schwarz 
lemma that we will apply here was first proved by G. D. Anderson, M. K. Vamanamurthy, 
and M. Vuorinen |AVV11 (4.11)], see also |VuR 11.50]. Another key result is an explicit 
bound for the function of quasisymmetry due to M. Vuorinen [Vu2j. These two explicit 
results have had numerous applications. One of these, a result of Seittenranta |3j, will 
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be applied below. What is common to the explicit sharp bounds, is the role played by 
special functions such as capacity of the Teichmuller ring. 

Since its introduction over thirty years ago, the quasihyperbolic metric has become one 
of the standard tools in geometric function theory. Recently it was observed that very 
little is known about the geometry defined by hyperbolic type metrics, and several authors 
are now working on this topic [EM] . jHlMPS] , [K], [Vu3] . 

Let D C R n be a domain. The quasihyperbolic metric hp is defined by [GPJ 



where T is the family of all rectifiable curves in D joining x and y, and d(z) = d(z, 3D) 
is the Euclidean distance between z and the boundary of D. The explicit formula for 
the quasihyperbolic metric is known only in very few domains. One such domain is the 
punctured space R™ \ {0} [MO]. The distance-ratio metric is defined as 



It is well known that [SB Lemma 2.1], jVuTl (3.4)] 

jD(x,y) < k D (x,y) 

for all domains D C R n and x, y G D. Unlike the hyperbolic metric of the unit ball, 
neither the quasihyperbolic metric nor the distance-ratio metric jo are invariant under 
Mobius transformations. F. W. Gehring, B. P. Palka and B. G. Osgood proved that these 
metrics are not changed by more than a factor 2 under Mobius transformations, see [GP, 
Corollary 2.5] and [GOl proof of Theorem 4]. 

Theorem 1.2. If D and D' are proper subdomains o/R™ and if f is a Mobius transfor- 
mation of D onto D' , then for all x,y G D 



where m G {j, k}. 

A homeomorphism / : D — > D' is said to be an L-bilipschitz map if \x — y\/L < 
\f(x) — f(y)\ < L\x — y\ for all x,y G D . It is easy to see that (cf. |Vull Exercise 3.17]): 

Lemma 1.3. If D and D' are proper subdomains o/R" and if f : D — >■ D' is an L- 

bilipschitz map, then 



for all x,y G D . 

The problem of estimating the quasihyperbolic metric and comparing it with other 
metrics was suggested in |Vu3j . In this paper we will give an improved version of quasi- 
invariance of quasihyperbolic metric under Mobius self-mappings of the unit ball B n and 
some other results motivated by [Vu3j. 

Theorem 1.4. Let a G B n and h : B n — > B™ be a Mobius transformation with h(a) = . 
Then for all x, y G B™ 




x,y G D 



(1.1) 




-m D (x,y) < m D/ (f(x),f(y)) < 2m D (x,y), 



m D >(f(x), f(y)) < L 2 m D (x, y), m G {j, k}, 



k M n(x,y) < k Mn (h{x),h(y)) < (1 + \a\)k M n(x,y) 

1 + \a\ 

and the constants 1 + \a\ and 1/(1 + \a\) are both sharp. 
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Remark 1.5. It is a basic fact, cf. [B], |Vull 1.39], that the map h in Theorem 11.41 is 
an L-bilipschitz with L = (1 + |a|)/(l — \a\) . Therefore Lemma 11.31 gives a version of 
Theorem 11.41 with the constant L 2 in place of the sharp constant. But it is obvious that 
the constant L 2 tends to infinity as \a\ tends to 1. Theorem 11.41 also shows that the 
constant 2 in Theorem 11.21 cannot be replaced by a smaller constant when D = D' = B n . 

We also conjecture that a conclusion similar to Theorem 11.41 holds for the distance-ratio 
metric, but have been unable to prove it. See Conjecture 12.31 below. 

We believe that the next proposition for the planar case is well-known but have been 
unable to find it in the literature. 

Proposition 1.6. Let D C C be a domain and f maps D conformally onto D' = f(D) 
then 

-k D (x,y) < k D ,(f(x),f(y)) <4k D (x,y) 

for all x,y G D, and the constants are both sharp. 

Gehring and Osgood proved the following quasiinvariance property of the quasihyper- 
bolic metric under quasiconformal mappings. For basic results on quasiconformal map 
and the definition of i^-quasiconformality we follow Vaisala [V]. Note that for n — 2, 
K = 1, Theorem 11.71 does not give the same constants as Proposition 11.61 

Theorem 1.7. |GO[ Theorem 3] There exists a constant c depending only on n and K 
with the following property. If f is a K -quasiconformal mapping of D onto D' , then 

k D ,(f(x),f(y)) < cm^{k D (x,y),k D (x,y) a }, a = K l l^ n \ 

for all x,y G D. 

The sharpness statement in Theorem 11.41 shows that the constant c in Theorem 11.71 
cannot be chosen so that it converges to 1 when K — > 1. 

We will refine this result by proving that in a local sense we can improve the constant 
for quasiconformal maps of the unit ball onto itself. 

Theorem 1.8. Let f: B n — >• B n be a K- quasiconformal mapping and r G (0,1). There 
exists c = c(n, K, r) such that for all x, y G B n (r) with f(x), f(y) G B n (r) 

m(f(x),f(y)) < cmax{m(x,y),m(x,y) a }, m G {jb™,^} 

where a = K 1 ^ 1 ^ and c — > 1 as (r,K) — > (0, 1). 

Finally we prove in this paper several inequalities between the quasihyperbolic metric 
and other commonly used metrics such as the hyperbolic metric of the unit ball and the 
chordal metric. Along these lines, our main results are Lemma 12.61 and Theorem 13.31 

2. Quasiinvariance of quasihyperbolic metric 

First we would point out that in Lemma 11.31 the condition of L— bilipschitz can be 
replaced with local L— bilipschitz, that is, for all x G D there exists a neighborhood U C D 
of x such that / is L— bilipschitz in U. Additionally, in this case we need that / has a 
homeomorphism extension to the boundary of D. In fact, it is clear that < L|dx|. 

We next show that d(f(x)) > d(x)/L. Let w G df(D) with d(f(x)) = \f{x) — w \ 
and z Q = / _1 (w ). Let w G [f(x),Wo) and 7 = w]) with 7(0) = x and 

7(1) — z — f~ 1 (w). Since 7 is compact, we can choose finite number of balls {-Bj}™ x in 
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D covering 7 such that / is L-bilipschitz in every ball Bi. Let {zj}™^ be a sequence in 
7 such that z\ = x, z m+ i = z and {zi, Zj+i} G B^. Then we have 

m m 

d(f(x)) > \f(x) - h = E - /(^h-i)I ^ E I 2 



1=1 



i=l 



Letting tend to Wq, we get d(f(x)) > \x — z \/L > d(x)/L. Now it is easy to see Lemma 
11.31 holds for locally bilipschitz mappings. 

For basic facts about Mobius transformations the reader is referred to (XI [B] and |Vul[ 
Section 1]. We denote x* = x/\x\ 2 for i6l"\ {0}, and 0* = 00, 00* = 0. Let 



cr„\x 



a + r (x — a 



1, < \a\ < 1 



be the inversion in the sphere S n ^ 1 (a* , r). Then cx a (a) = and cr a (a*) = 00. For a ^ 
let p a denote the reflection in the hyperplane P(a, 0) through the origin and orthogonal 
to a, and let T a be the sense-preserving Mobius transformation given by T a = p a °cr a . For 
a = we set T = zd, the identity map. A fundamental result on Mobius transformations 
of B n is the following lemma [Bj Theorem 3.5.1]: 

Lemma 2.1. A mapping g is a Mobius transformation of the unit ball onto itself if and 
only if there exists a rotation k in the group 0(n) of all orthogonal maps of~R n such that 
g = k o T a , where a = (^(O). 

The hyperbolic metric of the unit ball M n is defined by 

2\dz\ 



(x, y) = inf 

76I 



x,y G 



where the infimum is taken over all rectifiable curves in B n joining x and y. The formula 
for the hyperbolic distance in B n is [Vult (2.18)] 



(2.2) 



sh 2 



-pnn(x,y) 





x-y 


2 


(1 - |X| 2 )(1 




y\ 2 ) 



x,y e 



It is a basic fact that pi™ is invariant under Mobius transformations of B n (See [BJ). 



Proof of Theorem I.4 ■ Since the quasihyperbolic metric is invariant under orthogonal 
maps, by Lemma 12.11 we may assume that h = T a with a = /^(O) . By |Vul[ Exer- 
cise 1.41(1)] 



\T a (x) 



> 





x — a 




\a 


\x — a*\ 



\x 


2 + 


a 


2 — 2x ■ a 


\a 2 \x 


2 


+ l- 2x-a 



\x\ 2 + 



21x1 \a\ 



laPlxl 2 + 1 — 2\x\ lal 
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where the inequality holds since l + |x| 2 |a| 2 >|a;| 2 + |a| 2 . Therefore 

1 + \x\ 



\x\ > \a\ 
\x\ < \a\ 



l+\T a (x)\ ~ 

1 — lal \x 



(1 + 1 


x|)(l- 




a\ 


N) 


1 - 


a 


X 


+ 1 


\x 






a 



l-|a| ' 
(l+|z|)(l-|a||x|) 
(l+|a|)(l-|x|) ' 



< l + |a|. 

By the property of invariance of the hyperbolic metric under Mobius transformations, we 
have 

2 2\r a (x)\ 
l-\x\i l-|T a (x)] 2 ' 

and 

1 l + |x| \T' a {x)\ 



\-\x\ l + \T a (x)\l-\T a (x) 



\K(x) 



i-iwr 

Let 7 be a quasihyperbolic geodesic segment joining points T a (x) and T a (y). Then 

\dz\ 



km"(x,y) < — 



It-\j) 1 - \T a {z)\ 



- < 1 + h>/t 



\dz\ 



\z\ 

= {l + \a\)k M n(T a (x),T a (y)). 

Since T^ 1 = T_ a , we have 

k M n (T a (x),T a (y)) < (1 + | - a\)k M n (T_ a (T a (x)),T_ a (T a (y))) = (1 + \a\)k V n(x,y). 

The sharpness of constants is clear for a = 0. For the remaining case < |o| < 1, 
we choose x = a and y — (1 + t)a G B n with t > 0. Since the radii are quasihyperbolic 
geodesic segments of the unit ball, we have 



kn"(x,y) = log ( 1 + 

and 



t\a\ 




1 - 


a 




- t\a\ 



k-, (T„(.r).Tj !J )) = log T — i— = log ( I + 



- a 



t\a\ 




l-t\a\ 


- (l + t)\a\ 


to I 



So we have 



Um k Bn (T a (x),T a (y)) = Um jog(l + i- t |a|-(i+t)|ap) 

*™+ " *™+ w fi + *l«l ) 

to V i-|o|-t|o| y 

1 — lal — ilal 

= hm ; — ; : , , , n 

t^o+ l-t\a\ - (1 + t)|a| 2 

1 

~~ 1 -h lal 
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and 



k M n(T a (T_ a (x)),T a (T„g(y))) k M n(x,y) 



t^o+ k Mn (T_ a (x),T„ a (y)) t->o+k M n(T_ a (x),T_ a (y)) 

= 1 + | — a\ — 1 + \a\. 

This completes the proof. □ 

It is natural to consider the quasiinvariance of the distance-ratio metric jc under Mobius 
transformations. But we only have the following conjecture: 

Conjecture 2.3. Let a e B n and h : B n — > M n be a Mobius transformation with h(a) = . 
Then 

j Mn (h(x),h(y)) 
sup ; — - = 1 + \a\. 

Remark 2.4. Let e a = a/\a\, t G (0, 1). 

i ( -t I l+[a| 2t 

j*n(T a (-te a ),T a (te a )) _ lo § [ l + i^i=t 



/(*) 



»» (-te a , te a ) log(l + ^) 

i / l+\a\t 1+A 

iog ^Tq^jl— J ^ arth(|a|t) 
log j& artht 

which is strictly decreasing from (0, 1) onto (0, \a\). Hence we have 

jB"{Ta{-te a ),T a (te a )) 

SUp ; - = 1 + \a\. 

te(o,i) Jb"(— te a ,te a ) 
Lemma 2.5. If r £ (0, 1), then the function 

log(l + t/(l-r)) 



/(*) 



arsh(t/ v /(l -r 2 )(l - (r - t) 2 )) 
is strictly decreasing from (0, 2r) onto (1, 1 + r). 

Proof. Let / x (t) = log(l +t/(l - r)) and / 2 (t) = arsh(t/ v /(l - r 2 )(l - (r - i) 2 )). Then 
we have /i(0) = = / 2 (0), and f[(t)/ f^it) = 1 + r — t which is strictly decreasing with 
respect to t. Hence the monotonicity of / follows from the monotone form of l'Hopital's 
rule |AVV2l Theorem 1.25]. □ 

Lemma 2.6. For x, y 6 B n and r = max{|x|, \y\}, 

1 1 + r 

(2.7) ^pB^(x,y) < m(x,y) < -^—p Mn (x,y), 

where m e { j'b™ , } ■ 

Proof. The first inequality of ( 12. 7p follows from [Vulj 3.3] and |AVV2[ Lemma 7.56], 
respectively. For the second inequality of ( 12. 7p for the quasihyperbolic metric, let 7 be 
the hyperbolic geodesic segment joining x and y. Then 

, . , f \dz\ l + r f 2\dz\ 1 + r , , 
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Now we prove the second inequality of ( 12. 7p for the distance-ratio metric. We may 
assume that |x| > \y\. By ( II. ip and (12. 2p . 

2h»{x,y) log(l + \x- y\/{l - \x\)) 

pM™(x,y) arsh(|x - y\/^{l - \x\ 2 )(l - \y\ 2 )) 

log(l + |x-y|/(l-|x|)) 



< 



arsh(|x — y\j a/(1 — M 2 )(l — (\x\ — \x — y\) 2 )) 
< 1 + Id < 1 + r, 



where the second inequality follows from Lemma 12.51 □ 

Lemma 2.8. Let D C C be a domain and f : D — > D' = f(D) is a conformal mapping, 
then 



Ad(z,dD) ~ d(f(z),dD') ~ d(z,dD) 
Proof. For a fixed zq G D, we define by 

= f{z + d(z ,dD)z) - f(zo) 
9[Z) d(z ,dD)f'(z ) 

a normalized univalent function g on the unit disk D. Then the Koebe one-quarter theorem 
yields that g(B>) contains the disk |iw| < 1/4. Thus 

> dMim > 1 



d(: a ,dD)\f'(z )\ ~ " " " 4' 
which gives 

l/'(*b)l 



< 



d(f(z ),dD>) ~ d(z ,dDY 
Applying the above discussion to / , we have 



d(f-i(f(z )),dD) ~ d(f(z ),dD'Y 
and this is equivalent to 

1 < \f'(za)\ 



Ad(z Qj dD) ~ d(f(z ),dD'Y 
This completes the proof since zq G D is arbitrary. □ 

Proof of Proposition M .61 Let 7 be a quasihyperbolic geodesic segment joining z and w in 
D and 7' = f(j). Then by Lemma [2.81 we have 

1 /,/ n u . /" I'M /" |f(^)ll^l 
k DI (f(x)J{y)) < 



A similar argument yields 



d(w,dD') J 1 d{f{z),dD') 

\dz\ 
d(z,dD) 



^ 4 / am = 4A;j3(a:,y). 



1 

-k D (x,y) < k D ,(f(x),f(y)). 

For the sharpness of the constant, let the conformal mapping be the Koebe function 
f(z) = z/(l - z) 2 on the unit disk D and G = /(D) = C \ (-00, -1/4]. Let z = te ie and 
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fix 9 to be sufficiently small such that Ke(z) > and Ke(f(z)) > 0. Then by the formula 
(13. ip we have 



k G (f(z)J(z) = fcc\{(-i/4,o)} (/(«),/(«)) = 2arctan Re (j(^) + !/ 4 ' 



and by 



Hence 



1 2Im(*) 
-po(z, 2) = arsh : 



2 r v y 1- U 



2arctan. Im(/W) 



lim fc G (/(z),/(z)) = Um fc C \ { (-i/4,o)}(/(^),/(^)) _ Hm Re(/(*)) + 1/4 

f->o ftnfoz) pn{z,z)/2 t^o 2Im(z) 



= hm 2Im (/(*)) 1-N 2 =4 
t^o Re(/(z)) + 1/4 2Im(z) 

where the first equality follows from (12. 7p . □ 

Now we study the quasiinvariance property of the quasihyperbolic metric and the 
distance-ratio metric in the unit ball under quasiconformal mappings. For this purpose 
we need the following quasiinvariance property of 5d ([5]) which is defined in an open 
subset D C 1" with Card(&D) > 2 as 

Sd(x,v)= sup log(l + \a,x,b,y\) 

a,b€dD 

for all x,y G D. Here 

i , | q(a,b)q(x,y) 

\a,x,b,y\ = — 

q(a,x)q(b,y) 

is the absolute cross ratio and q(x, y) is the chordal metric defined in (13. 2p . 

Theorem 2.9. [Sj Theorem 1.2] Let f: K n — > M. n be a K -quasiconformal mapping, D 
and D' = f(D) open sets ofW 1 with Card(<9-D) > 2, and x,y G D. Then 

&D'{f{x)J{y)) < bmax{5 D (x,y),5 D (x,y) a }, 

where a = K 1 ^ 1 "^ = 1/(3 andb = b(K,n) = \^ l ~ 1 (3r]K,n(l) ■ Here b tends to 1 as K tends 
to 1. 

In the above theorem, A n is the Grotzsch ring constant, with A n G [4, 2e n ~ 1 ) and A 2 = 4 
(see |AVV21 Ch.12]). For the function rj K ,n and estimates for rj K ,n{ 1 ) see |AVV21 Ch.14]. 

Corollary 2.10. Let f: M n — > M n be a K -quasiconformal mapping, and i,j/6 B n . Then 

pM"(f(x), f(y)) < bmax{p M n(x,y)ip M n(x,y) a }, 

where the constants are the same as in Theorem \2.9i 

Proof. It is well known that / can be extended quasiconformally to the whole space MJ 1 and 
homeomorphically to the Mobius space lR n with /(oo) = oo. By the monotonicity property 
of Seittenranta's metric 5 D , S M n(f(x),f(y)) < 5f(M^(f(x),f(y)). Since 5 B « = pm™, this 
theorem follows from Seittenranta's theorem. □ 

Remark 2.11. For n = 2, the corollary can be found in \BV\ Theorem 1.10] with a better 
constant. 



QUASIHYPERBOLIC METRIC AND MOBIUS TRANSFORMATIONS 



9 



Proof of Theorem \1.8i . By Corollary 12.101 and (I2.7p , we have 

1 + r 

m(f(x),f(y)) < -^—bmax{2m( y x,y),2 a m(x,y) a } 
< (1 + r)6max{m(x, y), m(x, y) a }- 
The assertion follows by choosing c = (1 + r)b. □ 
For r G (0, 1) and K > 1 we define the distortion function 

m„ ( r ) = - a = K 1/( ^~ n) 

Tn (^7n(l/r)) 

where 7 n (t) is the capacity of the Grotzsch ring, i.e., the modulus of the curve family 
joining the closed unit ball and the ray [tei, oo). It is well known that if / : M n — > B n is 
a nonconstant i^-quasiconformal mapping, then 

(2.12) th < cp K>n I th 

holds for all x,y G B n [VuTl Theorem 11.2]. Combining and 11212]) . we get that 

m(f(x),f(y)) < (1 + r) arthv9 X ,n(thm(x,?/)), mG {j'b™,^}, 

holds for all x,y G B n (r). Thus the following conjecture will give an improvement of 
Theorem 11.81 

Conjecture 2.13. For K > 1, n > 2 and r G (0, 1) ; 

arthy?/^ n ( thr) < 2arth ^<£>x,2^th-^ J max{r, r a }. 

Remark 2.14. Conjecture 12.131 is true for n = 2 |BVl Lemma 4.8]. Hence the conjecture 
follows if we can prove 

<fK,n+l(r) < ipK,n( r ) 

for n > 2 (see |AVV31 Open Problem 5.2(10)]). 



3. Comparison of quasihyperbolic and chordal metrics 
G.J. Martin and B.G. Osgood jMOl page 38] showed that for x, y G W 1 \ {0} and n > 2 



kR™\{o}(x,y) = J9 2 + k>£ 



\x\ 

\y\ 



where 9 = /C(x,0,y) G [0, ir]. Since the quasihyperbolic metric is invariant under transla- 
tions, it is clear that for z G M n , x,y G M™ \ {z} and n > 2 



(3.1) k Rn \ {z} (x,y) = J9 2 + log 2 



x — z 



11/ - z l 



where 6 = Z(x,z,y) G [0,7r]. 

The chordal metric in IR n = IR n U {oo} is defined by 



\x-y\ 



(3.2) q(x,y)={ vg+g XW) 
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M. Vuorinen posed the following open problem |Vu3t 8.2]: Does there exist a constant 
c such that 

q(x,y) < ck(x,y) 

for all x,y £ M n \ {0}? R. Klen [K] Theorem 3.8] solved this problem, and his theorem 

says 

q(x,y) 1 

SU P 1 1 \ = o ' 

^j6i"\{o} kr«\{o}(^, y) 2 

We compare next the quasihyperbolic metric and the chordal metric for the general 
punctured space M. n \ {z}, and hence give a solution to an open problem [Kj Open 
problem 3.18]. 

Theorem 3.3. For G = W 1 \ {z} and z E W 1 we have 

q(x,y) \z\ + a/1 + |^| 2 



sup 

x ,yeo k G (x,y) 2 

For the proof of Theorem 13. 3^ we need the following technical lemma. 
Lemma 3.4. For given a > 0, 

(r + s + a) 2 a + VI+aJ 

max ■ 



r,s>0 (l + r 2)(l + s 2) 

Proof. Let 

/(r ' S) ^ (l+^)(t+^) ' ^ e [°' +00 )- 

It is clear that f(r, +oo) = /(+oo,r) = 1/(1 + r 2 ) for each r £ [0, +oo). A simple 
calculation implies that 

max f{0,r)= max f(r, 0) = f{l/a, 0) = 1 + a 2 . 

re[0,+oo) re[0,+co) 

By differentiation, 



df df -a + VA + a? A 

— = = — ^ r = s = = r . 

or os 2 



We have 



Since / is differentiate in [0, +oo) x [0, +oo), f(r, s) < /(r , r ) for all (r, s) G [0, +oo) x 
[0,+oo). " □ 



Now we turn to the proof of Theorem 13.31 
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Proof of Theorem\3Jk By flH]) and (IQl . 

g(a;,y) k~2/| 



k(x,y) 



|x — z\ 2 + \y — z\ 2 — 2\x — z\\y — z\ cosO 



< 



< 



< 



< 





\x — z\ — \y — z\ 


1 


log 


; \x — z\ — log \y — z\ 


v/l + |x|Vl + l?/| 2 


\x 


— z\ + \y — z\ 


1 




2 y/TT 


\x \ 2 \/l + \y\ 2 




\x\ + \y\ + 2\z\ 




2 V 


/1 + |x|V 1 + \y\ 2 





\z\ + 



e 2 + \og 2 {\ y - z\/\x - z\) y ^T]^^TT 



2 

where the first inequality follows from [Kj Lemma 3.7 (i)], the second inequality is the 
mean inequality (a — b) /(log a — log b) < (a + b)/2 and the last one follows from Lemma 
13.41 From the above chain of inequalities it is easy to see that the upper bound (\z\ + 
a/1 + \z\ 2 )/2 can be obtained when x,y — > (— yl + \z\ 2 + \z\)z/\z\. □ 
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